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INTRODUCTION

Consider the model:
i = Zﬁ-)zo Bixji + m(xp41) + € i=12,..,n 1)

where y, , ..., ¥, response variables and the unobserved errors are ¢, , ..., €, are known to
be i.i.d. normal with mean 0 and covariance 21 with 62 unknown.

The mean function of the regression model in (1) has two parts. The parametric ( first part
) is assumed to be linear function of p-dimensional covariates x; and nonparametric
(second part) m(x,41,) is function defined on some index set T c R*. Inferences a bout
model (1) such as its estimation as well as model checking are of interest.

A Bayesian approach to (fully) semiparametric regression problems typically requires
specifying prior distributions on function spaces which is rather difficult to handle. The
extent of the complexity of this approach can be gauged from sources such as Angers and
Delampady (see [1]), Ghosh and Ramamoorthi (see [8]) , and Lenk (see[9]), and so on.
Furthermore, quantifying useful prior information of model (1) such as “g is close to (a
specified function) g°” ( we will define this function in section 4 ) is difficult
probabilistically, whereas this seems quite straightforward if instead an appropriate metric
on the concerned function space is used. This is where fuzzy sets or membership functions
can be made use of.

In this paper, a simple Bayesian approach to semiparametric regression is described using
fuzzy sets and membership functions. The membership functions are interpreted as
likelihood functions for the model, so that with the help of a reference prior they can be
transformed to prior density functions. By using penalized spline for the nonparametric
function ( second part ) of the model (1) we can representation semiparametric regression
model (1) as mixed model and Bayesian approach is employed to making inferences on the
resulting mixed model coefficients, and we prove some theorems about posterior and
Bayes factor.

2. Fuzzy sets and membership functions

A fuzzy subset A of a space G (or just a fuzzy set A) is defined by a membership function:
h,:G->10,1].

The membership function, h,(g), is supposed to express the degree of compatibility of g
with A. For example, if G is the real line and A is the set of points ““close to 077, then
h,(0) = 1 indicates that 0 is certainly included in A, but h,(0.07) = 0.03 says that 0.07 is
not really "close" to 0 in this context. Similarly, if G is a set of functionsand A c G is a set
of functions "close" to a given function g°, then h,(g°) = 1 indicates that g° is certainly
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included in A; however, if hy(g') = 0.03 with g'(x) = 49°(x) + 24 then g is not
really ““close”” to g° in this case (See [2,3,5,15,16]). Note that even when G = © is the
parameter space, a membership function h,(0) is not a probability density or mass
function defined on ©, and hence cannot be used to obtain a prior distribution directly.
Angers and Delampady (see [3]) propose that a reasonable interpretation for a fuzzy subset
A of @ is that it is a likelihood function for 8 given A. Another important question is how to
define h,,p from h, and hg for incorporating h, and hg in Bayesian inference. If A and B
are independent, then interpreting h, and hg as likelihood functions leads to the result
that h, g = hyhg, for this purpose. Further, the qualitative ordering that underlies a
membership function can also be investigated with this interpretation, in conjunction with
a prior distribution, (see [2,3,5,15,16]).

3. Mixed Models

The general form of a linear mixed model for the ith subject (i = 1,..., n) is given as follows
(see [14,17]),

Y, = XiB+Xjy Zijuy + €, uy~N(0,G;), €~N(O,R;) (2)

where the vector Y; has length m;, X; and Z;; are, respectively, a m; % p design matrix and
am; x q; design matrix of fixed and random effects. 8 is a p-vector of fixed effects and uj;
are the g;-vectors of random effects. The variance matrix G; is a q; % g; matrix and R; is a
m; X m; matrix.

We assume that the random effects {u;;; i = 1,...,n; j = 1,..,r}and the set of error
terms {¢,, ..., €, } are independent. In matrix notation,

Y=XF+Zu+e (3)

here Y = (Y,...,¥,)T has length N =Y~ m;, X =(X{,...,XI)Tis a N x p design
matrix of fixed effects, Z is a N x q block diagonal design matrix of random effects,
q= X_,0;,u=(u,..,u7)" is a g-vector of random effects, R = diag(R;,..,R,) is a
N x N matrixand G = diag(G4,...,G,)isaq % q block diagonal matrix.

4. Semiparametric regression and spline

The model (1) can be expressed as a smooth penalized spline with q degree, then it's
become as(see [14]):

Vi = Zﬁ-’zo Bixj; + Z?:l :Bp+jx;])+1,i + Zlk(zl{uk(xzﬁl,i - kk)(}, + € (4)

where k4, ..., kg areinnerknotsa < k; <,,,< kg < b.
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By using a convenient connection between penalized splines and mixed models. Model (4)
is rewritten as follows(see [11,14])

Y=Xp+Zu+e (5)
where
— ﬁo —
V1 ﬁ.p Uy (Xp+11 — kl)i o (Xpe1n — kK)(}r
Y = , ﬁ = ﬁ K u= VL=
+
In p; Uk (xp+1,n - kl)i (xp+1vn - kK)fII-
-.Bp+q-
[1 x4 .. Xp1  Xp+11 - x3+1,11|
¥ = | 1 x; . Xp2  Xpy1z o xgﬂz |
[1 Xin - Xpn Xpiin - x3+1,nJ

We assume that the function g is:

g= XB+Zu (6)
And its prior guess g° can be written as:

9° = XB (7)

Further, some of the a priori information penalized spline coefficients can be translated
into:

E(e) =0; var(e) = o2l
E(B) =0; var(B) = opl (8)
E(u) =0; var(u) = o?l

The term XB in (5) is the pure polynomial component of the spline, and Zu is the
component with spline truncated functions with covariance o2 Q, where Q = ZZT. Letting
(B,u, 02, 02) be the parameter vector, the mixed model specifies a N (0, ¢2I) prior on u as
well as the likelihood, f(y|B,u, 02, 62). To specify a complete Bayesian model, we also
need a prior distribution on (B, 02,02). Assuming that little is known about B, it makes
sense to put an improper uniform prior on B. Or, if a proper prior is desired, one could use
a N(o, agl) prior with ag so large that, for all intents and purposes, the normal distribution
is uniform on the range of B. Therefore, we will use () = 1. We will assume that the
prior on o? is inverse gamma with parameters A, and B, — denoted IG(A, B,) — so that its
density is
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mo(02) = L5 (o2 )AerD) exp (~ ) 9)
ORel ™ T(ae N € PUma)

Also, we assume that:
02~ 1G(A,, By).

Here A, B¢, A,and B, are “hyperparameters” that determine the priors and must be
chosen by the statistician. These hyperparameters must be strictly positive in order for the
priors to be proper. If A_ and B, were zero, then m,(c2) would be proportional to the

improper prior 0_12 , Which is equivalent to log(c.) having an improper uniform prior.

Therefore, choosing A, and B, both close to zero (say, both equal to 0.1) gives an
essentially noninformative, but proper, prior. The same reasoning applies to A, and B,,.
The model we have constructed is a hierarchical Bayes model, where the random variables
are arranged in a hierarchy such that distributions at each level are determined by the
random variables in the previous levels. At the bottom of the hierarchy are the known
hyperparameters. At the next level are the fixed effects parameters and variance
components whose distributions are determined by the hyperparameters. At the level
above this are the random effects, u and €, whose distributions are determined by the
variance components. The top level contains the data, y. ( see [14])

5. Prior information and Membership functions

We have explained in the previous section that we would like to make use of imprecise
prior information such as “g is close to g°” by using a membership function (see [3,7,12])
which translates this into a measure of distance between the corresponding penalized
spline coefficients. Let us examine the implications of assuming that the available prior
information is quantified in terms of a membership function

ha(9) = ¢(d(9.9°)).

where d is a measure of distance in L,. Due to the penalized spline decomposition
assumed on g as well as g° (see section 4), a natural choice for d is the distance given by

d?(9,9°) = llg — g°lI> = IIXp + Zu — XBII> = [IZull* = X u;.

We will use a membership function that will depend only on d?(g, g°). Some possibilities
for h, are the following:

() The Gaussian membership function given by:

ha(9) = exp(—d?(9,9°)) = exp(—a X uf) (10)
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This membership function can be explained as follows. Suppose we have available some
past data of the form

y'=x"B+z'u+te

where
— ﬁo —
: ¢ .
Y1 By U, (ara — k)T (haaq — ki)l
A S Bp+1 su=| [z = : g : q
. q *
n : UK Opiin =)y - (ppan = kidy
Bp+q
I[ 1 x{1 o Xpy  Xppr1 e p+11 ]I
* *q
= | 1 x1  xp Xp+12 o p+12 |
| & : : |
ll Xin* oo x;m* x;+1,n* p+1 o J

Suppose g = XS + Zu is estimated from this data by §. Then the information in this data
may be quantified using a membership function of the type

ha(g) = exp( — d2(9,0)) = exp (=llg — 9lI2) = exp( — ||XB + Zu — Xf — za||") =
exp(— | X(B—B) +Z(u— u)|| ) =exp (— a(Zp+q+1(ﬁj —3,-)2 + Xk (U — g)? — 1))

Where constant u > 0, g° may then be identified with §. If we have multiple past data
sets, we may then have available h, (9) = exp(— d?(9,01)), ha,(9) = exp(—d?(9,92)),
and so on, which may be combined into h,(9) = hs,na,(9) = ha,(9) hy,(9)

= exp(—d*(9,91)) exp(—d*(9.92))

= exp (= ||XB + Zu — X, — 22, |” —|XB + Zu — X, — 20, )
= exp (=X (8 = o) + Z - )| =X (B - Bo) + Z2(u — @) ||")
= oxp (=t (SJ28(8) = )" + B =) = 1)) +

1 5 \2 ~
exp (—az (72078 = Boy) + B = 0)* = 1)),
Where constants u,, u, = 0, as an example one could consider fitting regression lines to

two (or more) sets of past data with possibly different error variances and use the fitted
regression lines along with the estimated variances for constructing the membership

e —
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functions. The constants a; and a, provide additional scope for assigning different weights
to the two sources of information, which is another appealing feature of this approach.

(if) The multivariate t membership function
hA(g) — (1 + dZ(g,go))—(K+q)/2 — (1 + uTV—lu/q)—(K+q)/2 (11)

Where g > 2 is the degrees of freedom and K denotes the dimension of u. This is a
continuous scale mixture of Gaussian membership functions with the same g° for each of
the membership functions. Since this vanishes more slowly than Gaussian membership
function, one could expect better robustness with this (see [2,3]).

(iif) The uniform function

ha(g) = {1’ if d(g.g°) < & e (12)

0, otherwise

This is an extreme case where g is restricted to a neighborhood of g°( see [2,3] ). In order
to proceed with Bayesian inference on g, we need to convert the membership function into
a prior density. Thus we obtain the prior density

m(g) « ha(9) mo(9),
or, upon utilizing the spline decomposition for g, we have an equivalent prior density
(F,02) o« hy(F) my(F,02), . (13)
where F =[B,u].

5. Posterior calculations

We have the model
Y|F,02,02 ~ N(CF,02l, + 02Q). (14)
where C = [X Z].

Unless F has a normal prior distribution or a hierarchical prior with a conditionally normal
prior distribution, analytical simplifications in the computation of posterior quantities are
not expected. For such cases, we have the joint posterior density of the penalized spline
coefficients F and the error variances o2 and ;2 given by the expression.

T[(F, O'e?, O'le) X f(YlF, O'e?, 0-1%) hA(F) T[O(Fi O'e?, 0-1%)
where f is the likelihood. From (14), f can be expressed as

FVIF, 02,0%) o | 02, + a3 ?exp {3 (Y = CFYT (021, +03Q) (Y = CF)}
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Proceeding further, suppose m,, of the form
7-l-O(F! 062! 0-73 = 7-[1(0-62! O-lf) (15)

which is constant in F, is chosen.

Markov Chain Monte Carlo (MCMC) based approaches to posterior computations are now
readily available. For example, Gibbs sampling is straightforward (see [ 3,14]).

Note that the conditional posterior densities are given by

n(F|Y,02,62) «exp{ = (Y = CF) (021, + 62Q) (Y = CF)} hu(F)
(16)

n(o2|Y,F,02) o | 021, + 62Q|" /2 exp { - (¥ — CF)T (o21, +02Q) (Y —
CF ml(oe2,0u2) (17)

n(o2IY, F,02) o | 021, + 62Q| /2 exp { - (¥ — CF)T (o21, +02Q)™* (¥ —
CF rloe2,ou2 (18)

However, major simplifications are possible with the Gaussian h, as in (i) ( see section 4).
Specifically, assuming that h,(F) is proportional to the density of N(F,, ¢2I" ) with

r = 0p+q+1 0 ]

0 In-(p+q+1)
Y|F,02,062 ~N(CF ,c2l,+ c2Q) (19)
Flof ~N(F, ail')
Therefore, it follows that
Y|o2,02 ~ N(CF,,02lL, + CaI'CT) (20)

where Co2I'CT = 62Q.

F|Y,02,02~N(F,+ A,(Y — CE,),A,) (21)
where

A, =02l CT{c?l,+ Co?rct}1 (22)
A, = 02l — ol CT { oI, + CafrctyY{cr} (23)
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Now proceeding as in [3], we employ spectral decomposition to obtain CI'CT = BDBT ,
where D = diag(d,,...,d,) is the matrix of eigenvalues and B is the orthogonal matrix of
eigenvectors. Thus,

0.2
021, + [Co2rCT] = 021, + Bo2DBT = Bo21,BT + Ba2DBT = Bo? <1n + 0—20) BT
€

= ¢2B(l,, + 6D)BT
where § = 62/02 . Then, the first stage (conditional) marginal density of Y given ¢2 and §
can be written as

1 1

Y 2 —
m(Y|o¢, 8) = (2102) "/2 det[1,+8D]"/

p{——(Y CE)TB(I,+ 8D )BT(Y — CF,)

1
" (2m02) 2 [T, [1+6a,0172

exp{ — 55 (Zy o)) (24)

where s = (sy,...,s,)T =BT(Y — CF,). We choose the prior on ¢2, § = 02/0?,
qualitatively similar to the used in [3]. Specifically, we take m; (¢2, ) to be proportional to
the product of an inverse gamma density {B.</I'(A.)} exp(—B./c2)(c2)~“etD) for g2
and the density of a F(b,a) distribution for § (for suitable choice of A.,B,, b and a ).
Conditions apply on a and b such that (see[2,3]):

2b%(a+b-2)

1- The prior covariance of §(= a(b—a)(b—2)?

) isinfinite.
a?(b+2)(b+6)

2- The fisher information number = (Z(a_4)(a+b+2)

) is minimum.

b(a-2

3- The prior mode = (a ) is greater than O.

This can be done by choosing2 < b <4anda =8(b+ 2)/(b — 2)

Once m;(02,8) is chosen as above, we obtain the posterior density of § given Y, the
posterior mean and covariance matrix of F as in the following theorems.

Theorem1.: the posterior density of § given Y is:

—(N+2Ac+2)/2

(T, (1 + 6d)) /2 (2B, + 7, =) (25)

1=11454;

5(b/2)—1
(a+b&)~(a+b)/2

T2 (8]Y)
Proof:

w22 (81Y) = [m(Y10Z,8) £(8,b,a) f( 02, Ac, Be)do?
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= f; BLe (02 )~(AetD) exp (_ E) (T (1 + 6d,))~1/2
(Znag)n/z NG o2 =1 t

1 s2 pb/24a/2 §b/2)-1
o (- 2 (2]
202 \“=1148a;)) B(ba) (a+bs)~(atb)/z TT€

_ (2m)"/2 pb/2ga/z §b/2)-1
B T'(Ae) B(b,a) (a+b5)—(a+b)/z

S (a0 + 6)) ™2 exp {12 (28, + B, 720}

i=1 14+6d;

(0'2 )—(n+2Ae+2)/2 dO’ez

_ (Zn)_n/z pb/2ga/2 §/2)-1
T T(A) B(ba) (a+bs)-(a+b)/2

=1ns21+0di
2 (n+2Ac+2)/2

(2)(n+2Ae+2)/2 f (H?:l(l + Sdi))_l/z exp{ (ZBe *

1
202

S5

ZB€+Z?=1T:S(1- sz (0+2Ac+2)/2

—— 2B+ Y1, — do?
202 t=11+64;

5@/ " o 1 s
o (a + b6)-(@*h)/2 J 1_1[(1 + 8d;) expy— 202 2B, + Z T+ od,
1= 1=

2 [(n+2Ac+4)/2]-1

S%

2B Y —L 2 —(n+2Ac+2)/2
€&i=1145d; (ZB +3yn s ) € do2
202 € =11+684; €

—(n+2Ac+2)/2

5(b/2)—1[‘((n+2A +4)/2) -1/2 i
x (a+b6)‘(a+lf)/2 (Hln=1(1 + Sdi)) / (ZB'E * ?:1 1+;di)

§5(b/2)-1 —(n+2Ac+2)/2

- sf
% ey @ (1= (1 +68d)) V2 (ZBe + Aie 1+5di)

Theorem2: The posterior mean and covariance matrix of F are:
E(F|Y)=F,+ I'CTBE{(I,+ 6D ) '|Y}s (26)

and

_ 1 n st _ 1 T
var(F|Y) = n+24¢+2 E [<2B6 * ( i=1 1+6di)> IY] r n+24¢+2 Fc BE KZBG *

(=1ns21+8di In+SD—1|¥ BTCT+ELR(S) RT1 V], 27)
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where R(§) =TI'CTB(I,, + §D) s
Proof:
From (21):
E(F|Y) = F, + A,(Y — CF°)
= F, +{c2rc"}{o2l,+ Corc™} (Y — CE,)
= F,+¢2I'CT {02B(l, + 6D)BT}Y"1(Y — CF,)

i -1 1 pe
= F0+Z_3FCTBT (In+6D) 1B 1(Y—CFO)

Since B is the orthogonal matrix of eigenvectors, then B~ = BTand BT~ ' = B.
Therefore
E(F|Y) = F,+T'CTB & (I, + 6D)"BT(Y — CE,))
= F,+I'CTBE((I, +6D)7|Y)s,

where the expectation E(( I,, + 6§D )~1|Y) is taken with respect to m,,(8]Y) ( see theorem
1 above ). And by same way can prove the variance of F givenY

6. Model checking and Bayes factors

An important and useful model checking problem in the present setup is checking the two
models

H,: g = XB=g°versusH, : g=XB+Zu+ ¢°.

Under Hy, (g = g(F),02,02) is given the prior h,(F)m(F,c2,02)I(g # g°), whereas
under H,, my(c?) induced by o (F, 02, 62) is the only part needed. In order to conduct the
model checking, we compute the Bayes factor, B,,, of H, relative to H;:

m(Y|Ho)
m(Y|Hy)

By (Y) = (28)

where m(Y|H;) is the predictive (marginal) density of Y under model H;,i = 0,1. We
have

m(Y|H,) = [ f(Y|g° 02)mo(02) do?

and

m(Y|H,) = Jf(Y|F, 02,02)h,(F)ry(F,02,02) dFdo2do?
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As in the previous section ,(c2, ¢2) will be constant in F, while ¢2 is inverse gamma and
is independent of v; = 62/ which is given the Fab prior distribution. (Equivalently,

8 = o2/a? is given the F,, , Specifically, my(c?) = (cse )~ (At exp (——) where

I‘(A )
A, and B, (small) are suitably chosen. Therefore,

m(v1H,) = [ F(V1g°,02)my(o?) do?

_ _nyp BoE _ B _ (r-g°(x)?
= (2m) 2 F(Ze) [(62) ™2 exp (_G_g) (02 )~(ActD) exp(— oos Ydo?

1
_n/o B2 +(vi—g°(x)?
— (27.[) n/2 [‘(Z) f(O' ) (n/2+Ae+1)exp( Be 2 Lag i )dO'GZ

= 2m) 2 2 02y G B+ (- g0 DA B+ L (0 -

go(x2))2) (n2+Ae+1)exp—Be+12(yz—go(xz))2062 doe2

Ae 2 +Ae+1 1 50(r\\2
_ —n/2 Be (Bet3 (J’L g%(x1))*)? _Be+2(J’L g°(xy)) 1, _
= (2m) T'(Ae) f (02 )( ZiAct) exp o2 (Be + 2 i

go(x0))2) —(72+Ae+1) doe2

C+Ac+2)-1 1
Ac Bo+i(vi—g%(x: )2\ 2 B.+1(vi—g°(x:))?
. f( g (x»)) exp (_ 08 0) ) ®. +§(yi B

I'(Ae) o¢ O¢
go(x0))2) —(72+Ae+1) doe2
_ B? & €
= @)V S TG+ Ac+ DB+ (7 = 9°(x))D) @ do? (29)

Further, using (20) it follows that:

52

m(YIHy,02,6) = (2n02) "2 (ITy (1 + )7/ exp {— = (T, 7o)} (30)

Therefore,

m(Y|H,) = [ m(Y|My, 02,6) my(02,68) do? db

Ae ~1/2
— J F?Ae) (02)" (Ac+1) exp (——) (27‘[06)—71/2 (l_[(l + 8d; ))

exp (- (2n )by (8) do? ds

i=1446q;
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/2 [ ([T, (1 + 6d,))2 7y (6)

- r(A)

(Fow (-2 (e +12ily)) doz} o

= F(A)(Zn)‘”/ZF(n/2+Ae)f (ML, (1 + 6d;))~2/2

—-(n/2+c-1)

mo(8) (Be+2xm, =) ds (31)

=1 1+6d

6.1. Prior robustness of Bayes factors

Note that the most informative part of the prior density that we have used is contained in
the membership function hy,. Since a membership function h,(F) is to be treated only as a
likelihood for F, any constant multiple ch,(F) also contributes the same prior information
about F. Therefore, a study of the robustness of the Bayes factor that we obtained above
with respect to a class of priors compatible with h, is of interest. Here we consider a
sensitivity study using the density ratio class defined as follows. Since the prior it that we
use has the form

T[(F! 0-1%! O-e?) X hA(F)TIO(F! 0-1%! 03)1
we consider the class of priors
Cy ={m:cihy(F)ry(F,02,062) < an(F,02,02) < c,hy(F)my(F,02,02),a > 0}

For specified 0 < ¢; < c,. We would like to investigate how the Bayes factor (28)
behaves as the prior it varies in C4. We note that for any m € C, , the Bayes factor By; has
the form

[ f(¥1g° 02) n(F,02,02) dF do? do?

Bn, =
L7 T F(Y|F,02,02) n(F,02,02) dF do? do?

Even though the integration in the numerator above need not involve F, 62, we do so to
apply the following result(see[1,2,3,6,8]).

Consider the density-ratio class
Ipg = {m: L(m) < an(n) < U(n) forsomea > 0}

, for specified non-negative functions L and U. Further, let g = q* + g~ be the usual
decomposition of q into its positive and negative parts, i.e., q*(u) = max{q(u),0} and
g~ (u) = —max{—q(u),0}. Then we have the following theorem.
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Theorem 3: For functions g; and g, such that [ q;(n)|U(n) dn < oo, fori=1, 2, and with
g, positive a.s. with respect to all w € I},

ing L) () dn
neror [ g,(n) m(n) dn
is the unique solution ¥ of
JCa1 () = 9q,(m))"Um)dn + [(q:(m) — 9q,(n))*L()dn =0 (32)
J q:() =(n) dn
netbe | 4> (n) m(n) dn
is the unique solution 9 of
JCa1 () = 9q. () Um)dn + [(q:(m) —9q,(n))"L()dn =0 (33)

Proof:

To prove part one

[a-vmar + [ enan -9 [ amvear - o [ gm0 L
=0

= [0 UG +a.)* LM = 8 [ (@) U + (" LYan =0

_ J(@ )~ U + qs()* L(m))dn
J (a2~ U@) + g ()* L(m))dn

By theorem 4.1. in DeRobertis and Hartigan (1981) ( see [6]),

=9

(a2~ U@) + q.(m)* L)) = infuer,, Kq1(n) . where K € I(L,U), then

[ inf Kqi(n) n(n)dn

— — TEIpR
| inf Kq,(n) m(n) dn
TEIpR
d
9= iy LR )y
rerpr J 42(1) (1) dn
Then the inf [aa(m () dn is the sol99oiuophpkiution 9, now to prove unique

TECDR [ qo(m) () dn
solution suppose

9. = inf Lammdn
O rerpg J a2(m) m() dn

Then 0 < ¢; < ¢, <o and |9,| < o it follows that 9, > 9 if and only if [(q,(n) —

e = inf fa(m)ymm)dy and ¢, = sup [qx(m) m(n) dn .

TEIPR
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9q,()"Um)dn + [(q:(n) —I9q.(n))*L(n)dn = 0.Moreover, ~ for any €=0,

9 +e/cy <9 implies  [(qi(n) —9q,(m))"Umdn + [(q:() — 9q,(m)*L(dn = €
which in  turn implies 9+e€e/c, <9y; thus ; 9,>9 if and only if

JCai(m) = 9q, ()~ U dn + [(q:(m) — 9q,(m))*L(n)dn > 0. Hence, then ¥ is the
unique solution.

Now to prove part two

[ay vman + [ Lean - 9 [ am var - o [ gm0 e
=0

= [(@o)* U + )~ L = 8 [ @) UG + ) LYan =0

_ J@m)* U@ +q.(m)~ L(p)dn
I(CIZ(T])"' U(m) + q,(n)~ L(n))dn

Also by theorem 4.1. in DeRobertis and Hartigan (1981) ( see [6]),

=9

(@YUM + q:()™ L(7)) = SUPrer,, Kq1(n) , where K € I(L, U), then

J sup Kqi(n) m(n) dn

9= TElpR
J sup Kq,(n) m(n) dn
TElpR
S q.(m) m(n) dn
=9 = su
netor @) () dn

By same way of proof the unique of first part above ( the proof complete) .

Now we shall discuss this result for the Gaussian membership function only. Then, since
the prior m that we use has the form m,(F,02,02) < hy(0) my(02,02), and we don’t
intend to vary m, (o2, ¢2) in our analysis, we redefine C, as

Cy ={n(F): cihy(F) < an(F) < cyhy(F), a >0}
For specified 0 < ¢; < c¢,. Now, were express By, as

J{ f(¥1g° &) mo(0d) dol}n(F)dF [ qi(F) m(F) dF

Bor = TCTF(YIF, 02,02) mo(07, 02)dozdo2yn(F)AF [ 4o(F) n(F) dF

where

au(F) = [ £(r1g°,02) mo(02) do?
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42(F) = j F(YIF, 02, 02) mo(02, 02)do2do?

Then by theorem 3 is readily applicable, and we obtain the following theorem:
Theorem 4:
infrec, Bo1 () is the unique solution 9 of
¢ J(q1(F) = 9q2(F))~ha(F)dF + c; [(q1(F) — 9q2(F))*hy(F)dF =0 (34)
and sUpec, Bo1 () is the unique solution 9 of
¢ J(q1(F) = 9q2(F))*ha(F)dF + c; [ (q1(F) — 9q2(F)) " ha(F)dF =0 (35)
Proof:

To prove the first part

& [y 0 + ¢ [ 6@ LEF -6, [ 4, v

_ 9c, J 4,(F)* L(F)dF =0

= [ (a0 U + B LENaE

- 19J(szlz(F)_ U(F) + c1q,(F)* L(F))dF =0

_ [ (F)” UF) + c1qu (F)* L(F))dF
(2. (F)~ U(F) + c,q,(F)* L(F))dF

Then,

=9

(CZCh(F)_ U(F) +c;q,(F)* L(F)) = infnerDR cKq,(F) ,where K € I(L,U),c < ¢; + ¢3,
then

J n'QJA cKq,(F) hy(F) dF

=TT inf cKqy(F) ha(F) dF
_ f‘h(F) hy(F) dF
= 0= 0 TP ha(F) dF

=9 = inf Boy(n)

To prove the second part
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& [ uEE + o, [ (@ L - v, [ @@ uEE

— ﬁcquz(F)‘ L(F)dF =0

= [0 UE) + 6B LENF - 9 [ (00 UE) + a0 LENF
=0

_ [(c,q:(F)Y U(F) + ¢,q.(F)~ L(F))dF
[(c2q,(F)* U(F) + ¢1q,(F)~ L(F))dF

Then,

=9

(c2q1(F)* U(F) + c19:(F)~ L(F) = SUPrerpg cKq,(F) ,where K € I(L,U),c < ¢; +c3,
then

[ sup cKq,(F) hu(F) dF

_ Tl'EFDR
=0= [ sup cKq,(F) hy(F) dF

TEIpR

_ f‘h (F) hy(F) dF
=V 3P TP ha(P) dF

= 9 = sup By, ()

TEIpPR
By same as the unique prove to first part in theorem 3.

7. CONCLUSIONS

In this paper we suggest approach to semiparametric regression by proposing an
alternative to dealing with complicated analyses on function spaces. The proposed
technique uses fuzzy sets to quantify the available prior information on a function space by
starting with a “prior guess” baseline regression function g°. First the penalized spline is
used for the model and by using a convenient connection between penalized splines and
mixed models, we can representation semiparametric regression model as mixed model.
The penalized spline assumed on g and pure polynomial on prior g°. Then prior of g relative
to distance from g° specified in the form of a membership function which translates this
distance into a measure of distance between the corresponding mixed model coefficients.
Furthermore we obtain the posterior density of § given Y, the posterior mean and
covariance matrix of F ( theorem 1, 2 ), and a Bayesian test is proposed to check whether
the baseline function g° is compatible with the data or not and we proved the prior
robustness of Bayes factors ( theorem 3, 4).
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