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Abstract: An Inverted Pendulum is a classic control system problem. It is a very good
example of an inherently unstable system, which attains stability under a few conditions.
This paper studies the Control of Inverted Pendulum and aims to model a Mobile Inverted
Pendulum. Here the pendulum and its controller are mounted on a mobile cart. The linear
movement of the cart stabilizes the inclination of the pendulum.
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INTRODUCTION

The following figure shows an outline of a Mobile Inverted Pendulum.

Fig 1. Inverted Pendulum.

We can see the pendulum pivoted on top of the cart thus forming the entire assembly. This
setup causes the centre of gravity of the pendulum to be located higher up from the ground.
The pendulum is free to move in one plane, so it is inherently an unstable system. Now the cart
has to move to-and-fro, in accordance to movement of pendulum in order to keep the
pendulum upright. In other words, an Inverted Pendulum is stable only when specific conditions
are met, which is taken care of by the cart movement. This phenomenon can be explained by
balancing a long stick on our palm. We move our hand in such a way that the stick doesn’t fall
off our palm. Same concept is applied here.

This concept has wide range of applications like VTOL (Vertical Take Off and Landing) aircraft,
attitude control of rockets, balancing of humanoid robots, etc. Same concept has been
commercially implemented by Segway® [2] in the field of personal transportation and has been
quite a success in Europe and America.

The Inverted Pendulum can have different degrees of freedom (DOF). Systems implementing 1%
DOF would be mounted on a fixed base and will either slide along a straight direction (Linear
Inverted Pendulum) or rotate around vertical axis (Rotary

Inverted Pendulum). Other systems with higher DOF (2" or 3" DOF) would be mounted on a
mobile platform or a Cart structure.
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MATERIALS AND METHODS
Problem definition:

Refer the Free Body Diagram (FBD) of the Inverted Pendulum and Cart system. [1]

F—- M %bﬁ

Friction

Fig. 2 Free Body Diagram of Inverted Pendulum and Cart
Index:

M- Mass of the cart

M- Mass of the pendulum

8- Angle of pendulum w.r.t. vertical position

F- Horizontal force applied on the cart

N- Horizontal component of reaction force at pivoted point
P- Vertical component of reaction force at pivoted point

x- Distance covered by cart from starting point

b — Cart friction coefficient

I- Moment of Inertia of Inverted Pendulum

Above is the Free Body Diagram (FBD) of the Inverted Pendulum and Cart system.

First we consider the Cart. The force (F) acting on the cart leads to its movement in positive or
negative ‘x’ direction. The movement happens at speed of x and acceleration of k. The friction
experienced by the cart is given by bx.

Adding all forces on the cart in horizontal direction
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Mx + bx + N =F (1)
Adding all forces on pendulum in vertical direction
mx + ml@ cose - mi®®sin6=N  (2)
Substituting egn (2) in (1)
(M + m)x + bx + ml6 cose - ml&? sinb = F
(3)

Now consider the Pendulum. The pendulum is assumed to be initially vertical (i.e. at an angle of
0° with normal).

When the cart is subjected to a force, it moves thereby disturbing the equilibrium condition of
the pendulum.

Adding all the forces along the vertical direction of pendulum

P sin® + N cos® —mg sin® = ml6 + mx cosO (4)

Considering sum of the moments about the centre of gravity (C.G.) of the pendulum
-Plsin® — Nl cosé = 16 (5)

Now, from eqgn (4) and (5)

(I'+ mI%)8 + mgl sin6 = -mlx cos®  (6)

The system under consideration is a non-linear system. For ease of modelling and simulation,
we have to take a small case approximation such that the system will be a linear one. Let’s take
the linearization point will be 6 = .

SayB=n+¢
Where ¢ is the angle between pendulum and vertical upward direction.
If we choose ¢ =0,
Then cosB =-1,sinB=-¢

do

@~ "°
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So, after linearization eqn (6) becomes
(I1+ mlAd - mglp = mix (7)

And egn (3) becomes
(M+m)x+bx-mlp=F (8)

Here, F is the mechanical force to be applied on the moving cart system. If the movement of the
cart is controlled, by controlling the force applied on the cart, and then the pendulum can
attain its initial condition.

But in real time model we have to give input voltage proportional to the force F. If the input
voltage is u, then eqn (8) becomes,

(M+m)x+bx-mlp=u (9)

Transfer Functions

_ Lloutput] _ Y(S)
(5)= Llinput] ~ X(S)

By using the concept of transfer function, it is possible to represent system dynamics by
algebraic equations in S.

Laplace transform of egn (7)

(1+ mlI?) &(S) S% — mgl $(S) = -ml X(S) S (10)
Laplace transform of egn (8)

(M +m) X(S) $%+ b X(S) S — ml (S) S*= U(S) (11)

Solving egn (10) for X(S)
X©)= [0 — Lips)  (12)

Substituting egn (12) and (11)

(I+mi?)
ml

216(5) 5>+ b (L2 — 2 Jg(s) 5 - ml b(5) S = U(S)

ml

(M+m)[
(13)

From above egn
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ml .2
ol = (14)
US)  ga_ bU+mP)S3 (M+m)mgls?_ bmgls
-q q q

Where g =[ (M +m)(I + ml?) - (ml)?]

In eqn (14), one pole and zero is at origin. This leads to cancellation of one pole and zero. So,

mi
P(s) _ 1 15)
U@s) g3 bU+mi?)s? (M+m)mgls_ bmgl
-4 q q

Here, in this case the angle from vertical position ($(S)) is taken as output and applied force to
the cart (U(S)) is taken as input function.

From eqn (12)

_ ml §?
) = Gommysrmma X ) (16)
Now putting value of ®(S) in eqn (13)
X(S) _ (1+mi?)s2-mgl

Us)  HM+m)I+mi2)-mi2}s*+{b (1 +mi12)}s3—{(M+m)mgl}s2—mglbS
(17)

Here distance of the cart from the origin is treated as the output function whereas the applied
force on the cart is still the input function.

Control mechanism:;

The general setup of the controller has been shown in the figure below.

Cart cart Position Fc
Eef. Controler
-

B e Inverted > X

Impulse Perdulum
Cortrollker e L

System
Angle Pend ulum
Ref. angle
Contr lkr Fr
-

Fig. 3 Control Mechanism

Theta
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The controller has to control 2 aspects of the system, one is the angle of pendulum and other is
the position of the cart. The sensors would sense variations in angle and position and send the
data to controller. The angle and rate of change of angle are used to control the angle of the
pendulum.

There are several control techniques which can be used. We have discussed 2 control methods
here: PID controller and Fuzzy-PID controller [3].

PID controller:

Fig. 4 Basic PID controller

A PID controller is a very basic and widely used controller. It takes the error signals and carries
out proportional, integration and derivative of that signal. The modified signal is fed back to the
system in order to minimise the error.

u=Kee+K [edt+Kpde (18)
dt
Where:-
u is PID output control action,
e is the error i.e. difference between set point input and actual output
e = yref - yactual,
KP, KI, KD are the proportional, integral and derivative gains respectively.

We can see that the output of pendulum angle controller and the cart position controller are of
opposite signs.
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The selection of PID controller parameters (KP, KI, KD) is important as incorrect selection of
these parameters can make controlled process input unstable. The control parameters are
adjusted to optimum values for the desired response. This is called Tuning of the control loop.

Fuzzy controller:

Fuzzy Logic Controller
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Fig. 5 Basic Fuzzy Logic Controller

A fuzzy controller will use linguistic variables instead of numerical values. Linguistic variables
resemble the usage of natural language (like very large or very small) rather than using any
crisp values. This is done by using membership functions to form the fuzzy sets.

A fuzzy set A is characterized by a membership function pA that assigns membership to each
object and it can range from 0 (no membership) to 1 (full membership), we therefore write:

A X —{ 0, 1]

Which means that the fuzzy set A belongs to a universal set defined in a specific problem. A
fuzzy set A is called a fuzzy singleton when there is only one element xo with pA(xo) =1, while
all other elements have a membership grade which equal to zero.

This approach allows characterization of the system behaviour through simple relations (fuzzy
rules) between linguistic variables. These fuzzy rules are expressed in the form of fuzzy
conditional statements Ri of the type,

Ri:if xis small THEN y is large.
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Where x and y are fuzzy variables, and small and large are labels of fuzzy set.
If there are i =1 to n rules, the rule set is represented by union of these rules,
R=R1lelse R2 else.....Rn

Implementation:

Using PID controller:

The Inverted Pendulum model was obtained from MatLab Central website. The Inverted
Pendulum block has an input of Force and outputs of Pendulum Angle and Cart position. Our
main concern is the control of angle. So the angle value is fed back as an error signal to the PID
controller, which then generates the appropriate force signal, to adjust the angle.

File Edit View Simulation Format Tools Help

DeEE& = > = o Normal SRR

Ready 100% oded5

Fig. 6 Simulation using PID controller

On application of the PID controller, the system attains stability with little variations in the
pendulum angle. The values used were Kp= 100, Ki= 1 and Kd= 20.

Fig. 7 Output using PID controller
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Using Fuzzy-PID controller:

Following this, a simple fuzzy controller was designed to control the Inverted Pendulum setup.
The controller implemented initially is a very basic and primitive kind of controller. This
controller also takes values of Angle (theta) only as an input. Based on only this input, the force
to be applied on the cart is calculated. For example, if the angle made by pendulum with
normal is small (or large) then the magnitude of force applied also will be small (or large).
Likewise the direction of the force applied also will depend on the sign of the angle.

Following figure shows the fuzzy controller circuit implemented:

=Y x
File Edit View Simulation Format Tools Help
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Fig. 8 Simulation using Fuzzy-PID controller

The fuzzy rule viewer shows the fuzzy rule base applied:

[ olm ]
o = - =l=l= =]
e = =1

Fig. 9 Fuzzy Rule viewer
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A total of 9 membership functions have been used for Input (theta) and Output (force). The
theta range varies from -0.5 to 0.5 and force varies from -0.05 to 0.05. Note that negative sign
resembles opposite direction.

Fig. 10 Output using Fuzzy-PID controller
RESULTS AND DISCUSSION

When the outputs of both control methods were compared, both gave similar results. However
it could be seen that the performance of Fuzzy-PID controller was better than that of a PID
controller. It should be noted that the Fuzzy rule base used is very basic or in other words very
crude.

FURTHER WORK:

It can be seen that there are still some disturbances occurring in the system. So the aim is to
now try to reduce them. One way could be to use rate of change of angle along with the value
of angle as an input. This should improve the performance of the controller.

After improving the control of pendulum angle, we need to focus on controlling the position of
the cart while maintaining the balance of the pendulum.
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