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Abstract: Integral transformations have been successfully used for almost two centuries in solving
many problems in applied mathematics, mathematical physics, and engineering science. The origin of
the integral transform is the Fourier and Mellin transform. Integral transformation is one of the well-
known techniques used for function transformation. The transforms we will be studying in this part of
the course are mostly useful to solve differential and to a lesser extent, integral equations. The specific
Fourier and Finite Mellin transforms being used may differ from application to application. Fourier-
Finite mellin Transform has found numerous applications in various fields. We tried to develop a new
type of transform Fourier-Finite Mellin transform on the same lines. We are trying to use this newly
developed transform to solve various problems. In this paper Fourier-Finite Mellin Transform is
generalized in the distributional sense. Testing function spaces using Gelf and Shilov technique are
already developed in our previous papers. The main aim of this paper was to prove Representation
Theorem for the distributional Fourier-Finite Mellin Transform.
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INTRODUCTION

Mathematics is everywhere in every phenomenon, technology, observation, experiment etc. All
we need to do is to understand the logic hidden behind [1]. Communication is all based on
Mathematics, be it digital, wired or wireless using Fourier Transform analysis. Fourier Transform
lies at the heart of signal processing and image processing. The Fourier Transform is a tool for
solving physical problems. It is applied to optics, crystallography, solving science problems.
Fourier Transform can be strongly used in acoustics. It is used to understand how different
musical instruments create their different sounds. The Fourier Transform occurs naturally all
throughout physics. It is also used in determining organic structures from IR/NMR, Mathematical
Statistics [2]. The Fourier Transform is among the most widely used tools for transforming data
sequences and functions. Emerging uses of Fourier Transform is in Infrared FTIR Spectroscopy.
The fundamental importance of this transform is in quantum mechanics.

The Mellin Transform is used for solving certain classes of singular integral equations [3]. It is
used in pattern recognition. The Mellin transformation is a basic tool for analyzing the behavior
of many important functions in Mathematics and mathematical physics. Mellin transformation is
also used in Statistics. It is also used in time-frequency analysis [4, 5]. In the late 1970’s Casasent
and Psaltis [1976, 1997] contributed substantially to the implementation of a digital form of the
Fourier-Mellin Transform in application using physical lenses. The Fourier-Mellin Transform was
implemented on a digital computer and applied towards the recognition and differentiation of
images of plant leaves regardless of translation, rotation or scale. Translated, rotated and scaled
leaf images from seven species of plant were compared. It also used for movement detection [6].

Many authors studied double transform. Motivated by this we have also defined a new transform
namely Fouriet-Finite Mellin Transform and this newely Fouriet-Finite Mellin Transform may be
used for image recognition, reconstruction and processing, movement detection and derivation
of densities for algebraic combinations of random variables and many more [6].

The Fourier Transform is defined separately as follows:-

F[f(®)]=F(s)

The Fourier Transform with parameter S of f() denoted by

F[f®)]=F()= j:e—‘st f (t)dt

and is given by

(1.1)

For parameterS>0.

The Finite Mellin Transform is separately defined as given bellow:-
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M [f(x)]=F(p)

The Finite Mellin Transform with parameter P of () denoted by and is given
by
a aZp 1
M [f00]=F(p)= R L EVC
, for parameter p> 0. (1.2)

We combined these two separate transforms and defined a new Fourier-Finite Mellin Transform

a’’

FM, {f(t,X)}=F(sp) :L j g™ [W—x” J f(t, X)dtdx

0

as follows:- (1.3)

In this paper Fourier-Finite Mellin Transform is extended in the distributional sense.
Representation theorem for Fourier-Finite Mellin Transform is also presented.

This paper is organized as follows:-

In Section 2, Definition of Distributional Generalized Fourier-Finite Mellin Transform is given.
Testing function spaces are given in section 3. In section 4, we have proved Representation
theorem. Lastly the conclusions are given in section 5.

Notations and terminologies are as per Zemanian [7],[8].

2. DISTRIBUTIONAL GENERALIZED FOURIER-FINITE MELLIN TRANSFORMS (FMT)
f(t,x) e FM 7% FM7, FM{
For LX) €FMbea , Where fbea s the dual space of fbea It contains all

distributions of compact support. The distributional Fourier-Finite Mellin transform is a function

FM, {f(t,X)}=F(s, p) :<f(t,x),e-ist (%—XND
of 1:(t’x)and is defined as X
(2.1)

(0<t <Oo)’ X (O< X<OO), $>03and p>0’ the right hand side of (2.1)

2p
—ist| @ p-1 Vi
\ eS| =——x"' |e FM
ft.x)eFM{, ., o (Xpu j fbca

where, for each fixed t

has a sense as an application of

3. TESTING FUNCTION SPACES

FM?
3.1. The Space ~ 'Pc«

This space is given by
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Sup
=0<t<oolt4, (x)x*D{ D{g(t, ¥)| < CAK*B1"}
FM f,b,c,a :{¢:¢€ E+ /pb,c,k,q,l¢(t’x) O<x<a
(3.1)
where, k1,9=0123,......... , and the constants AB depends on the testing function ¢ .

FM
3.2. The Space fb.c.y

It is given by

Sup
=0<t<oolt*A, (X)x*'D{DJg(t, )| < C, A"g¥}
FM o, = {¢ B & bt gcx<a
(3.2)

K 1,g=0,12,3,.........

where, , and the constants depend on the testing function ¢

+b +C
where, e (¥)= {X*,0<x<Lx" 1<x<a

4. REPRESENTATION THEOREM

FM (%
Let f(t,%) be an arbitrary element of fbea and #(t,x) be an element of D(I), the space of

infinitely differentiable function with compact support on | . Then there exists a bounded

measurable functions gm'”(t'x) defined over I such that
r+l v+l kel am+n

(f.g)={ 2 ) (™t S Smn(:0.6(4.%)
m=0n=0

where K is a fixed real number and T and V are appropriate non-negative integers satisfying
M<r+1gag N<v+1,

[ee]

{7b,c,k,|,q}

B
bea and D(1) respectively. Then by boundedness property of generalized

Proof:- Let kLa=0 he the sequence of seminorms. Let f(t,%) and AN be arbitrary

M *
elements of f
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function by Zemanian [7], pp.52, we have for an appropriate constant C and a non-negative
< <
integer I and V satisfying |I|_ ' and |q|_v

max max  Sup
| f ¢|<C|I|<r}/bck|q¢t X <C|I|<r0<t<00tk b+q+1
|q|£v |Q|Sv0<x<a

DD}t )

max  Sup L
sCllsroctcmtoe 3 3 g O
|Q|SVO<x<a m=0n=0

am+n

#(t,x)

max  Sup max
"< m < I
|m£v0<x<a nSq

m+n

wEACY))

m,n

where €' is a constant which depends only on and hence I’q, SO

max  Sup

<r0<t<oothxe O o™ ¢(t X)

(f.6)|<

Inf<vO0<x<a

(4.1)

Now let us set

G, (6, X) =t X", X) m<rn<v

’

(4.2)
4., (t,X) € D(1)

Then clearly

Mso PO =U T 00, o

On differentiating (4.3) partially with respect to t and X successively we get,

P o e Ma) (@100)3h, Keh, 4,

Otox 1 G G S 8t6x

Supg = Supg, , =[ A, B]

Let us suppose that in |,

. —k ,—b—g-1
Then since t X >0
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0%p | _ ey baa | [K(a+14D)) g, |+ 9Ll | K]0 | | O’r.
otox AB oY B ot Al ox otox
2
SCmt—kX—b—q—l {‘¢r"} +‘a?;v|+‘ag;v|+ aat@),(v‘}

‘k(q+l+b)‘ q+1+b| M 1
AB B A’

C”_mw{ ,
Where,

If C"is a constant which depends on b, K and q+1 then

L) o, (1.%)
otox otox

S C in—k X—b—q—l

Hence by induction we prove that in |, for obvious constant c’.

am+n¢ ac+d
atCaXd }¢r,v (t’ X)

ot™ox"

S CVt—k X7b7q71 Z

c<m
d<n

Substituting this into (4.1)

max  Sup
(f.g)<C"m<ro<t<oo
n<vO0<x<a

c+d

W¢r,v (t,x)

where, C<Mand d <n (4.4)

Now we can write

Sup Sup s o2
O<t< t,X)|<0<t< t, x)dtdx
oo|g(t, X)| oojj—czﬁatax (t, x)
O<x<a O<x<a

82
< ﬁﬂt, X)

L'XL'
(4.5) Hence from (4.4)

max Sup
(f.g)<C'm<r+10<t<oo
n<v+l0<x<a

m+n

W¢r,v (t,x)

L'XL
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N2
Let the product space L'xLbe denoted by (L ) . We consider the linear one-to-one mapping

m-+n

o
4 ¢ {atmaxn ¢ m<r+1 (L,)Z
n<v+l of D(1) into . In view of (4.5) we see that the linear functional

iy _><f’¢> is continuous on zD(1) for the topology induced by (L ) Hence by Hahn-

. . . o L')?
Banach theorem, it can be a continuous linear functional in the whole of ( ) . But the dual of

N2 w )2
( ) is isomorphic with ( ) [9] pp.214 and 259, therefore there exist two L~ functions
Onn(MSTr+Ln<v+])

such that,
6m+n
f,f)= ,— t, X
< ¢> m;+l<gm,n atmaxn ¢r,v( )>
n<v+l

By (4.2), we have

m+n

f, _ , thb+q+l t,X

< ¢> m;:+1<gm'n otmox" 4 )>
n<y+1

Now by using property of differentiation of a distribution and property of multiplication of a
distribution by an infinitely smooth function,

m+n
()= 3 [Eommtent S g 1,41
m<r+1 ottox” T
n<v+l
where gm'”(t' X)are bounded measurable functions defined over I =(0,) . Therefore
m-+ngk , b+g+1 am+n
f(t,x)= —1)™ e P t, X
(t,x) m;ﬂ( ) pUEw Iman (L, X)
n<v+1

5. CONCLUSION

Since Fourier and Finite Mellin transforms has found numerous applications in various fields. We
tried to develop a new type of transform, Fourier-Finite Mellin transform on the same lines. In
this paper Fourier-Finite Mellin transform is generalized in the distributional sense. Testing
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function spaces using Gelf and Shilov technique are already developed in our previous papers.
The main aim of this paper was to prove Representation Theorem for the distributional Fourier-
Finite Mellin transform and we proved it.
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